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Abstract
In his well-known paper of 1890 where he demolished Kempe’s ‘proof’ for the four-colour
theorem P.J. Heawood gave an upper bound for the number of colours necessary for colouring the
empires of any multimap (a map on some orientable closed surface whose face set is partitioned
into empires) depending on the genus  of that surface and the maximal number r of faces
belonging to some empire. He conjectured that this bound is sharp except possibly if =0; r=1
(the four-colour problem) and proved it in case =0; r=2. Further armative partial results were
given in various contributions by G. Ringel and others, among them verications for >1; r=1
and 0662; r>2: We shall give a shorter proof of Heawood’s conjecture for =1; r>1; based
on an elementary construction, and its implications for higher genus. c© 2000 Elsevier Science
B.V. All rights reserved.
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A toroidal map is a connected toroidal graph (a connected graph embedded on
the torus) together with all its faces. A toroidal multimap is a toroidal map whose
face set is partitioned into certain subsets, the so-called (toroidal) empires. If two
faces belonging to dierent empires have a common edge on their boundaries then the
corresponding empires are said to be neighbouring. A colouring of a toroidal multimap
is an assignment of colours to its empires so that every two neighbouring empires
have dierent colours. A toroidal multimap is f-uniform if all its empires consist of
f faces, and it is complete if its empires are mutually neighbouring. Generally we use
the terminology of Harary [2].
In his well-known paper of 1890 where he demolished Kempe’s ‘proof’ for the
four-colour theorem Heawood [3] posed the problem of investigating multimaps on
orientable closed surfaces of any genus >0 correspondingly dened. He showed that
every such multimap can be coloured by
h; r = b 12 (6r + 1 +
√
(6r + 1)2 + 24(2− 2))c;
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colours if r is the maximal number of faces belonging to some empire, except possibly
if =0; r=1 (the four-colour problem) (h;1 is often called the Heawood number of the
corresponding surface). Moreover, he conjectured that h;r colours are necessary, too,
for colouring every such multimap and proved it in case = 0; r = 2. For = 0; r>3
the conjecture was veried by Taylor (cf. [1]) and Jackson and Ringel [5]; recently,
the author has given a shorter proof for  = 0; r>2 [9]. The cases >1; r = 1 were
armatively settled in various contributions by several authors, especially we mention
Ringel and Youngs [8]. Finally, Jackson and Ringel [5] proved the conjecture for even
r>2; h; r  1 (mod 12) and odd r>2; h; r  4; 7 (mod 12), so completely settling the
case = 1 under consideration.
For more details of the history we refer to the excellent collection of ‘Graph Coloring
Problems’ by Jensen and Toft [6].
Beginning with Heter [4] Heawood’s problem for genus > 0 was investigated
by means of matrixlike arrangements of natural numbers, so-called groupings
(Gruppierungen) or schemes (Schemata) whose construction seems to be a little bit
complicated. Even Ringel [7, p. 87] noticed that \: : : it would be desirable to discover
easier construction procedures". 1
We shall give a short, elementary, and constructive proof of Heawood’s conjecture
in the toroidal case, so also re-proving implications for higher genus.
As Heawood mentioned,
h;r = 6r + 1 whenever 166 12 (r + 2); (1)
this implies h1;r=6r+1 for every r such that Heawood’s conjecture in case =1 will
be veried by proving the following theorem.
Theorem. There exists an r-uniform complete toroidal multimap with 6r+1 empires
for every r>1.
By (1) and since every embedding on the torus yields an embedding on any surface
of higher genus the theorem implies:
Corollary. Heawood’s conjecture is true for every orientable closed surface of genus
 and empires with at most r faces whenever 166 12 (r + 2).
Proof of the Theorem. We shall prove the following dual assertion: For every r>1
there is a toroidal graph G with (6r + 1)r vertices partitioned into 6r + 1 ‘vertex
empires’, each consisting of r vertices, such that every two vertex empires are neigh-
bouring, i.e. contain two vertices, one of each empire, which are joined by an edge.
Represent the torus in the plane by a rectangle whose opposite sides stand for
identical lines, respectively. Draw a cycle C with seven vertices 0; 1; : : : ; 6 in this
1 ‘ware es wunschenswert, einfachere Konstruktionsverfahren zu entdecken’.
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Fig. 1. r = 1.
Fig. 2. r = 2.
cyclical order on the horizontal sides of the rectangle. Join every vertex a on the
upper side with the vertices a+2; a+3 (modulo 7) on the lower side by edges without
producing crossings, using the identity of the vertical sides. Both the representations in
Fig. 1 show how this can be done. Then we have got an embedding of the complete
graph K7 on the torus, constituting a toroidal graph G=G1 as looked for in case r=1.
Note that in this representation every vertex is joined with its successor and its
predecessor by an edge of C and with both the next two succeeding and (because
of the cyclical symmetry of the construction) the next two preceding vertices by the
added edges traversing the rectangle (and so is joined with all other vertices).
This construction can be generalized for every r>1 by replacing C (having 6r + 1
vertices) by r parallel of its copies and | proceeding from above to below | joining
every vertex of some C with two successive vertices on the next C not joined with it
before each time and switching the edges of all but one C to edges joining the two
common neighbours of their endvertices on the succeeding and the preceding C each
time. The resulting toroidal graph will be called Gr .
More precisely, for constructing Gr proceed as follows (see Figs. 2 and 3 for the
cases r = 2 and 3; respectively):
Represent the torus in the plane as above.
(a) Draw a cycle C with 6r + 1 vertices 0; 1; : : : ; 6r in this cyclical order on the
horizontal sides of the rectangle;
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Fig. 3. r = 3.
Fig. 4.
denote C by C0 and Cr at the upper and the lower side of the rectangle, respectively.
Add r − 1 copies C1; : : : ; Cr−1 of C (in this order) in parallel to C0 and Cr .
(b) Join every vertex a on Ci (called the ith a in the following), 06i6r−1; to the
vertices a+(3i+2); a+(3i+2)+(−1)i on Ci+1 by edges without producing crossings;
obviously this is possible, and by this rule for 06i6r− 2 the neighbours of the ith
a on Ci+1, a + (3i + 2) and a + (3i + 2) + (−1)i, will be joined with a + (6i + 7);
a + (6i + 7) − (−1)i and to a + (6i + 7) + (−1)i ; a + (6i + 7) on Ci+2; respectively.
Therefore the neighbours of the ith a on Ci+1 succeed one another in that cycle and
the neighbours of these vertices on Ci+2 succeed one another in the same order there
(see Fig. 4).
Thus, it is possible to carry out the last step of constructing Gr (called switching
above):
(c) Omit the edges of C1; : : : ; Cr−1 and join every vertex a on Ci; 06i6r − 2, to
the vertex a+ (6i + 7) on Ci+2 without producing crossings.
We intend to prove that Gr is a toroidal graph as looked for. For that, regarding
the r copies of each vertex as a vertex empire each time, we have to show that in Gr
every two vertices a 6= b have joined copies.
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Since every vertex a of Gr has a copy on each of C0; C1; : : : ; Cr , for every a it holds
by construction:
(i) If (some copy of) 0 is joined to (some copy of) j, then (some copy of) a is
joined to (some copy of) a+ j (mod 6r + 1).
(ii) If (some copy of) a is joined to (some copy of) a+ j (mod 6r+1); then (some
other copy of) a is joined to (some copy of) a− j (mod 6r + 1).
Thus, to verify the announced property of Gr , we only have to show:
() In Gr (some copy of) 0 is joined to (some copy of) one representative of each
of the vertex pairs fj; (6r + 1)− jg; j = 1; 2; : : : ; 3r.
For a proof of () rst notice that by (b) the ith 0 is joined to the (i + 1)th 3i + 2
and to the (i + 1)th 3i + 2 + (−1)i ; i = 0; 1; : : : ; r − 1, i.e. (some copy of) 0 is joined
to (some copy of) j for every
j  2 or 5 (mod 6); 16j63r
and for every
j  3 or 4 (mod 6); 16j63r;
settling the couples of () containing one of these j’s.
Secondly, notice that by (c) the ith 0 is joined to the (i+2)th 6i+7; i=0; 1; : : : ; r−2,
i.e. (some copy of) 0 is joined to (some copy of) j for every
j  1 (mod 6); 76j63r;
settling the corresponding couples of (), and with (some copy of) j for every
j 1 (mod 6); 3r + 16j66r coupled with
j= (6r + 1)− j  0 (mod 6); 16 j63r in ();
so settling the remaining couples of () except f1; 6rg. This exceptional couple is
settled by the edge 0{1 in the cycle C existing by (a).
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